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Abstract
We probe warped BTZ ×S3 geometry with various string solitons and explore
the classical integrability criteria of the associated phase space configurations us-
ing Kovacic’s algorithm. We consider consistent truncation of the parent sigma
model into one dimension and obtain the corresponding normal variational equa-
tions (NVE). Two specific examples have been considered where the sigma model
is reduced over the subspace of the full target space geometry. In both examples,
NVEs are found to possess Liouvillian form of solutions which ensures the classical
integrability of the associated phase space dynamics. We address similar issues for
the finite temperature counterpart of the duality, where we analyse the classical
phase space of the string soliton probing warped BTZ black string geometry. Our
analysis reveals a clear compatibility between normal variational equations and the
rules set by the Kovacic’s criteria. This ensures the classical integrability of the
parent sigma model for the finite temperature extension of the duality conjecture.
1 Overview and Motivation
Our recent understanding on gauge/string correspondence has revealed a remarkable du-
ality between string sigma models on warped AdS3 × S3 [1]-[4] and solvable irrelevant
deformations [5]-[11] in 2D CFTs [12]-[17]. The stringy side of the duality is obtained via
marginal deformations of the AdS3 × S3 world-sheet theory by suitable choice of vertex
operators1 those are observables with scaling dimension (1, 2) in the boundary CFT2 [17],
Aa(x, x¯) = 1
2
∫
d2z(∂xJ¯(x¯, z¯)∂x¯ + 2∂
2
x¯J¯(x¯, z¯))Φ1(x, x¯; z, z¯)k
a(z) (1)
where x(= ϕ + 1) and x¯(= ϕ − t) are respectively the left and right moving coordinates
associated with the dual CFT. Here, J¯(x¯, z¯) is a linear combination of SL(2, R)R world-
sheet currents (j¯−(z¯)), ka stands for an SU(2)L world-sheet current and Φ1(x, x¯; z, z¯)
correponds to bulk to boundary propagator [18].
∗E-mail: dibakarphys@gmail.com, dibakarfph@iitr.ac.in
1From the point of view of the boundary CFT2, the vertex operator (1) acts as a source of single trace
JT¯ deformation ∼ µ ∫ d2x A3(x, x¯) to the boundary Lagrangian [13].
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The corresponding marginal current current deformation (on the wrold-sheet/ space-
time CFT2) dual to JT¯ deformations of the boundary CFT2 [13],
∆Sλ =
2λ
k
∫
d2z k3(z)j¯−(z¯) (2)
results in the target space fields that could be formally expressed as2 [17],
ds2 =
dr2
4r2
+ r(dϕ2 − dt2) + λr(dϕ+ dt)(dχ+ cos θdψ) + dΩ23 (3)
dΩ23 =
1
4
(
(dχ+ cos θdψ)2 + dθ2 + sin2 θdψ2
)
(4)
B2 =
1
4
(cos θdψ ∧ dχ+ 4rdϕ ∧ dt)− λr
2
(dϕ+ dt) ∧ (dχ+ cos θdψ) (5)
e−2Φ = 1 (6)
where we set the AdS length scale, l = 1. Here, λ is the deformation parameter and k is
the number of NS5 branes wrapping the internal space which can be identified with the
central charge of the seed theory in the dual symmetric product CFT2 [17]. The resulting
background solutions (3)-(6) could also be obtained from their undeformed cousins [17]
via TsT transformations. In other words, the marginal deformation on world-sheet fields
is equivalent of applying a TsT on AdS3 × S3 solutions in type IIB supergravity [19].
The dual field theory counterpart of (3)-(6) has been identified with 2D conformal
field theory (at zero temperature) with irrelevant deformation of the type,
OJT¯ = JxT¯ − J¯Txx¯ (7)
where, T¯ = Tx¯x¯ is the right moving component of the stress tensor together with J¯ = Jx¯
as the right moving component of the U(1) current [9]. The deformation of the above
type (7) is found preserve the SL(2, R)L×U(1)R subgroup of the original CFT2 [16] and
triggers a RG flow from IR CFT2 to non local QFTs at UV those are relevant from the
perspective of the extremal Kerr/CFT correspondence [20].
Recently, our understanding on the above correspondence has been lifted to its finite
temperature realization by matching the stringy spectrum on the finite temperature back-
ground with its 2D CFT counterpart [17]. On the stringy side of the correspondence, the
finite temperature background has been obtained by applying TsT transformations on
BTZ black strings thereby lifting it to warped BTZ black strings [3]. At the level of the
world-sheet theory, such deformations correspond to an action of instantaneous current-
current deformation sourced due to antisymmetric product of two Noether currents.
Given the gauge/string duality as depicted above, the purpose of the present paper is
to pose the following question namely whether the world-sheet theory dual to JT¯ deformed
field theories is integrable or not - at least for the bosonic sector. The traditional way
of addressing such questions comes through the systematic construction of Lax pairs [21]
which is in general a non trivial task to perform. Therefore, in this paper we choose work
with an alternate path which is to adopt certain analytic tools that would eventually
help us to disprove integrability rather than proving it. While on one hand this looks
like a tractable project to start with, on the other hand, there appears to be a bunch of
2This also goes under the name of zero temperature/ warped massless solution [17].
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non-linear partial differential equations popping up during the consistent reduction of the
sigma model over the deformed target space geometry. These equations could be studied
both analytically as well as numerically. Based on certain standard prescriptions (that
we elaborate below), our strategy would be to check whether any of these truncations
admits non integrability and if found positive then we would conclude that the parent
sigma model is non-integrable. On the other hand, in case of negative results we would
conclude that the parent sigma model that we had started with is classically integrable.
We probe warped AdS3 × S3 geometries with various string solitons and explore the
corresponding phase space dynamics by means of analytic tools whose ‘logical’ foundation
is based on the so called Kovacic’s algorithm [22]-[23]. The algorithm offers an useful way
of classifying the Hamiltonian phase space dynamics based on its solvability and has been
applied with a remarkable success in order to extract informations regarding integrability
or non integrability of the string solitons in the context of gauge/string duality [24]-[31].
The recipe to check analytic (non)integrability comprises of the following steps - typ-
ically one chooses to work with an invariant plane [25] in the phase space and consider
fluctuations (η(τ)) normal to this plane. At leading order, these fluctuations satisfy second
order linear differential equations3 of the form [25],
A(τ)η¨ + B(τ)η˙ + C(τ)η = 0 (8)
where the coefficients A , B and C are rational polynomials. For integrable classical Hamil-
tonian systems, solutions corresponding to NVE (8) could be expressed as simple algebraic
polynomials/exponentials/logarithmic functions known as Liouvillian solutions [24]-[25].
Kovacic’s algorithm comprises of systematic steps to check whether such solutions are in
fact pertinent to (8). If any particular (phase space) configuration does not fit with the
framework set by the algorithm, then the associated Hamiltonian dynamics is classified
as non-integrable. Therefore, the algorithm essentially allows us for a case by case study
of various phase space configurations to pin down those which are non-integrable.
In order to understand the working principle behind the algorithm, it is useful to
consider the following transformation [31],
η(τ) = e
∫
w(τ)− B˜(τ)
2 ; B˜ = BA (9)
which rewrites (8) as,
w˙(τ) + w2(τ) = V (τ) =
2B˜′ + B˜2 − 4C˜
4
; C˜ = CA . (10)
As per the rules set by the algorithm, the Liouvillian form of solutions is guranteed iff
w(τ) is a rational polynomial of degree 1, 2, 4, 6 or 12. This result comes from the
general group of invariance associated with the corresponding space of solutions which is
a subgroup of SL(2, C) [22]-[23], [29], [31]. Therefore, as per the algorithm, the analytic
integrability is ensured once w(τ) belongs to one of the above polynomial classes.
In order to claim integrability or non-integrability of the string soliton probing warped
BTZ × S3, we therefore strictly follow the steps as mentioned above. We perform our
computations both for the zero as well as finite temperature examples of the duality. We
3Also known as normal variational equations (NVE) [25].
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first consistently reduce the sigma model over different subspaces of the full target space
geometry and obtain the corresponding normal variational equations those are compatible
with the various other constraints of the system. Finally, we examine whether the resulting
phase space configurations are in fact compatible with the rules set by the algorithm. This
is achieved through computation of the corresponding potential function V (τ) and thereby
obtaining the solution (w(τ)) corresponding to (10). Finally, we conclude in Section 3.
2 Analysis and results
We start our analysis considering the parent sigma model in conformal gauge,
SP =
1
4piα′
∫
dτdσ(ηαβGMN + ε
αβBMN)∂αX
M∂βX
N =
1
4piα′
∫
dτdσ LP (11)
where (τ, σ) are the so called world-sheet coordinates, XMs are the target space coordi-
nates and (α′)−1 measures the tension of the string soliton. Moreover, we define εαβ as
the 2D Levi-Civita symbol such that ετσ = −εστ = 1.
2.1 Sigma models on warped massless BTZ×S3
Using (3)-(6), the sigma model Lagrangian (11) could be formally expressed as,
LP = r(t˙
2 − t′2) + 1
4r2
(r′2 − r˙2) + r(ϕ′2 − ϕ˙2) + 1
4
(χ′2 − χ˙2) + 1
4
(θ′2 − θ˙2)
+
1
4
(ψ′2 − ψ˙2) + 2λr(t′χ′ − t˙χ˙) + 2λr cos θ(t′ψ′ − t˙ψ˙) + 2λr(ϕ′χ′ − ϕ˙χ˙)
+2λr cos θ(ϕ′ψ′ − ϕ˙ψ˙) + cos θ(ψ′χ′ − ψ˙χ˙) + cos θ
2
(ψ˙χ′ − χ˙ψ′) + 2r(ϕ˙t′ − t˙ϕ′)
−λr(ϕ˙χ′ − χ˙ϕ′)− λr cos θ(ϕ˙ψ′ − ψ˙ϕ′)− λr(t˙χ′ − χ˙t′)− λr cos θ(t˙ψ′ − ψ˙t′) (12)
where dot corresponds to derivative w.r.t. τ and prime stands for the derivative w.r.t. σ.
Given (12), the conserved charge densities associated with the 2D sigma model follow
immediately,
E = δLP
δt˙
= 2rt˙− 2λrχ˙− 2λr cos θψ˙ + 2rϕ′ − λrχ′ − λr cos θψ′ (13)
Pϕ = δLP
δϕ˙
= −2rϕ˙− 2λrχ˙− 2λr cos θψ˙ − 2rt′ − λrχ′ − λr cos θψ′ (14)
Jχ = δLP
δχ˙
= − χ˙
2
− 2λrt˙− 2λrϕ˙− cos θψ˙ − cos θ
2
ψ′ + λrϕ′ + λrt′ (15)
Jψ = δLP
δψ˙
= − ψ˙
2
− 2λr cos θt˙− 2λr cos θϕ˙− cos θχ˙+ cos θ
2
χ′ + λr cos θϕ′ + λr cos θt′.
(16)
Finally, we note down the Virasoro constraints,
Tττ = −r(t′2 + t˙2) + 1
4r2
(r′2 + r˙2) + r(ϕ′2 + ϕ˙2) +
1
4
(χ′2 + χ˙2) +
1
4
(θ′2 + θ˙2)
+
1
4
(ψ′2 + ψ˙2) + 2λr(t′χ′ + t˙χ˙) + 2λr cos θ(t′ψ′ + t˙ψ˙) + 2λr(ϕ′χ′ + ϕ˙χ˙)
+2λr cos θ(ϕ′ψ′ + ϕ˙ψ˙) + cos θ(ψ′χ′ + ψ˙χ˙) = 0 = Tσσ (17)
4
and,
Tτσ = Tστ = −rt˙t′ + r˙r
′
4r2
+ rϕ˙ϕ′ +
1
4
(χ˙χ′ + θ˙θ′ + ψ˙ψ′) + λr(t˙χ′ + χ˙t′)
+λr cos θ(t˙ψ′ + ψ˙t′) + λr(ϕ˙χ′ + χ˙ϕ′) + λr cos θ(ϕ˙ψ′ + ψ˙ϕ′) +
cos θ
2
(χ˙ψ′ + ψ˙χ′) = 0. (18)
2.1.1 1D reduction: R× S3
Our next step would be to consistently reduce the parent 2D sigma model (12) into one
dimension and thereby study the resulting phase space dynamics in the (semi)classical
limit. In order to do so, we choose to work with the following string embedding,
t = κτ ; r = r0 = const. ; ϕ = const. ; ψ = ψ(τ) ; θ = θ(τ) ; χ = χ(τ) (19)
which, without loss of any generality, assumes the stringy dynamics over warped R× S3
subspace of the full target space geometry.
The Lagrangian density of the truncated theory could be formally expressed as,
L1D = κ
2r0 − 1
4
(θ˙2 + χ˙2 + ψ˙2)− 2κλr0χ˙− 2κλr0 cos θψ˙ − cos θψ˙χ˙. (20)
The resulting equations of motion could be readily obtained as,
θ¨ + 4κλr0 sin θψ˙ + 2 sin θψ˙χ˙ = 0 (21)
χ¨+ 2 cos θψ¨ − 2 sin θθ˙ψ˙ = 0 (22)
ψ¨ + 2 cos θχ¨− 4κλr0 sin θθ˙ − 2 sin θθ˙χ˙ = 0. (23)
Our next task would be to check the Virasoro constraints (17) and (18) such that the
time evolutions for them vanish when (21)-(23) are implemented. This would eventually
prove the consistency of our stringy ansatz (19).
A straightforward computation reveals,
Tττ = Tσσ = −r0κ2 + 1
4
(χ˙2 + θ˙2 + ψ˙2) + 2κλr0χ˙+ 2κλr0 cos θψ˙ + cos θψ˙χ˙ (24)
Tτσ = Tστ = 0. (25)
Using (21)-(23), and after a tedious but straightforward computation one finds,
∂τTττ = κλr0χ¨. (26)
• Case I: In order for the R.H.S. of (26) to be equal to zero, we must therefore set either
r0 = 0 or χ¨ = 0. However, the first choice has to be ruled out as it does not see the effects
of deformations on the boundary CFT2 and the theory becomes a trivial sigma model on
S3 in the presence on NS-NS fluxes. Hence the consistency requirement of the Virasoro
constraints sets, χ˙ = −λκ = constant. Also we set, r0 = 12 without any loss of generality.
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On the other hand, the conserved charges (Qi ; i = 1, 2, 3) associated with the reduced
sigma model (20) turns out to be,
E =
1
2piα′
∫ 2pi
0
dσE = 1
α′
(κ+ λ2κ− λ cos θψ˙) (27)
Jχ =
1
2piα′
∫ 2pi
0
dσJχ = − 1
α′
(
λκ
2
+ cos θψ˙) (28)
Jψ =
1
2piα′
∫ 2pi
0
dσJψ = − ψ˙
2α′
. (29)
The consistency requirements, ∂τQi = 0 further amounts of setting,
cos θψ¨ − sin θθ˙ψ˙ = 0 (30)
ψ¨ = 0. (31)
It is trivial to see that the L.H.S. of (22)-(23) vanish identically once (30) and (31)
are implemented. Taking into account all the above mentioned facts, the reduced phase
space dynamics boils down to the following single equation,
θ¨ = 0 (32)
where, we set ψ˙ = ±λκ without loss of any generality.
The above equation (32) has to be understood as the reduced phase space equation
subjected to the constraints, Jψ =constant and Jχ = constant where we focus on the
dynamics over {θ, Jθ ∼ θ˙} plane. Here, Jθ is the momentum conjugate to θ. The invariant
plane [25] in this reduced phase space may be obtained by setting, θ = θ˙ = 0 which trivially
solves (32) and therefore is an allowed space of solution.
In order to obtain the so called normal variational equation (NVE) one therefore needs
to consider fluctuations over this invariant {θ = 0, Jθ = 0} plane of solutions namely,
δθ ∼ η(τ) and retain upto leading order in the fluctuations which thereby yields,
η¨ ≈ 0. (33)
Clearly, the NVE (33) allows Liouvillian solution of the form,
η(τ) ∼ Dτ + D˜ (34)
where, D and D˜ are arbitrary constants.
Looking back at (10) one finds V (τ) = 0 and therefore,
w(τ) ∼ 1
τ
(35)
as a rational polynomial of degree 1 which clearly passes the Kovacic’s test [22]-[23] and
ensures the analytic integrability of the associated 1D sigma model.
• Case II: The second possibility that we wish to explore is to set, χ˙ = λκ. This
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results in the conserved charges of the following form,
E =
1
2piα′
∫ 2pi
0
dσE = 1
α′
(κ− λ2κ− λ cos θψ˙) (36)
Jχ =
1
2piα′
∫ 2pi
0
dσJχ = − 1
α′
(
3λκ
2
+ cos θψ˙) (37)
Jψ =
1
2piα′
∫ 2pi
0
dσJψ = − 1
2α′
(ψ˙ + 4κλ cos θ). (38)
The conservation of (36)-(38) yields the following set of constraints,
cos θψ¨ − sin θθ˙ψ˙ = 0 (39)
ψ¨ − 4κλ sin θθ˙ = 0. (40)
Notice that, the L.H.S. of (22) and (23) identically vanish once (39) and (40) are
implemented. Effectively, the resulting dynamics therefore boils down to the following set
of equations,
θ¨ + 4κλ sin θψ˙ = 0 (41)
ψ¨ − 4κλ sin θθ˙ = 0. (42)
Clearly, θ¨ = θ˙ = θ = 0 is a solution to (41) and may be used to set as an invariant
plane [25] for the phase space with, {θ = 0, Jθ ∼ θ˙ = 0}. Substituting this condition into
(42) we set,
ψ˙ = λκ = const. (43)
without any loss of generality.
Using (43) and considering fluctuations, δθ ∼ η(τ) normal to the invariant plane
considered above, we arrive at the following NVE
η¨ + 4κ2λ2η ≈ 0 (44)
which allows a Liouvillian form of solution,
η(τ) ∼ a cosnτ + b sinnτ ; n = 2κλ (45)
where a and b are two arbitrary constants.
Looking back at (10), we notice that the corresponding value for V (τ) = −4κ2λ2 which
thereby yields,
w(±) ∼ 1
4
(−τ 2 ± 2c1τ − c21 + 4κ2λ2) (46)
which is a polynomial of degree 2 and therefore ensures that the associated phase space
and hence the parent sigma model is classically integrable.
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2.1.2 1D reduction: BTZ × S1
We now choose to work with the reduced sigma model by setting the ansatz,
t = κτ ; r = r(τ) ; ϕ = ϕ(τ) ; ψ = const. ; θ = const. ; χ = χ(τ) (47)
which considers string motion over warped BTZ × S1 subspace of the full 6D geometry.
The resulting Lagrangian density turns out to be,
L1D = κ
2r − r˙
2
4r2
− rϕ˙2 − χ˙
2
4
− 2κλrχ˙− 2λrϕ˙χ˙. (48)
The equations of motion that readily follow from (48) could be formally expressed as,
rr¨ − r˙2 − 2r3(ϕ˙2 + 2κλχ˙+ 2λϕ˙χ˙− κ2) = 0 (49)
rϕ¨+ r˙ϕ˙+ λ(r˙χ˙+ rχ¨) = 0 (50)
χ¨+ 4κλr˙ + 4λ(r˙ϕ˙+ rϕ¨) = 0. (51)
The Virasoro constraints (17)-(18) for the reduced sigma model turns out to be,
Tττ = Tσσ = −κ2r + r˙
2
4r2
+ rϕ˙2 +
χ˙2
4
+ 2κλrχ˙+ 2λrϕ˙χ˙ (52)
Tτσ = Tστ = 0. (53)
Like before, we perform the consistency check of the stringy reduction by computing,
∂τTττ = −2κ2r˙ + 2κλr˙χ˙+ 2κλrχ¨ = 0 (54)
which we treat as an additional dynamical constraint of the system.
On the other hand, the conserved charges are estimated to be,
E =
1
α′
(2κr − 2λrχ˙) (55)
Pϕ = − 1
α′
(2rϕ˙+ 2λrχ˙) (56)
Jχ = − 1
2α′
(χ˙+ 4κλr + 4λrϕ˙). (57)
Notice that, ∂τE = −κ−1∂τTττ = 0. On the other hand, ∂τPϕ = 0 by virtue of (50)
where as the conservation of Jχ follows directly from (51).
Combining (49)-(51) and (54) we are finally left with the following set of dynamical
equations,
rr¨ − r˙2 − 2r3(ϕ˙2 + 2κλχ˙+ 2λϕ˙χ˙− κ2) = 0 (58)
rϕ¨+ r˙ϕ˙+ κr˙ = 0 (59)
χ¨+ 4κλr˙ + 4λ(r˙ϕ˙+ rϕ¨) = 0. (60)
In order to obtain NVE in a consistent way, we set r = r0 = constant which chooses
the invariant plane [25] in the phase space as, {r = r0,Jr ∼ r˙ = 0}. Substituting this
into (59) and (60) we find,
ϕ¨ = χ¨ = 0 (61)
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which thereby amounts of setting,
ϕ˙ = χ˙ = λκ = const. (62)
without any loss of generality.
Substituting (62) into (58) we find the following constraint,
2λ3 + 3λ2 − 1 = 0 (63)
on the deformation parameter (λ) which is trivially solved for, λ = 1
2
.
Taking into account all the above inputs, we finally consider fluctuations,
r ∼ r0 + η(τ) (64)
and arrive at the following normal variational equation,
η¨ ≈ 0 (65)
which yields Liouvillian solution of the form,
η(τ) ∼ aτ + b (66)
where a and b are two arbitrary constants.
Comparing with (8) we further notice that A = 1 together with B˜ = C˜ = 0 which
thereby sets,
w′(τ) + w2(τ) = V (τ) = 0. (67)
The solution to the above equation (67) is a rational polynomial w(τ) ∼ 1
τ
of degree 1
thereby clearly fulfilling the Kovacic’s criteria. In summary, the above analysis ensures
the classical integrability of strings over warped BTZ × S1.
2.2 Sigma models on warped BTZ black string
We now start considering sigma models over warped BTZ black string background [17],
ds2 =
f(r)
4
dr2 + r(dϕ2 − dt2) + `(λ)r(dϕ+ dt)(dχ+ cos θdψ)
+2T 2v `(λ)(dϕ− dt)(dχ+ cos θdψ) + T 2u (dϕ+ dt)2 + T 2v (dϕ− dt)2 + dΩ23 (68)
where we identify each of the individual entities as,
f(r) =
1
r2 − r2t
; r2t = 4T
2
uT
2
v ; `(λ) =
λTv
1 + λ2T 2v
(69)
with Tu,v as some dimensionless temperatures related to the left and right moving energies
of the BTZ black string [3].
The NS-NS sector following the TsT reads as [17],
B2 = cos θ
4
dψ ∧ dχ+ rdϕ ∧ dt− r
2
`(λ)(dϕ+ dt) ∧ (dχ+ cos θdψ)
−T 2v `(λ)(dϕ− dt) ∧ (dχ+ cos θdψ) +
λ
2
T 2v (dϕ− dt) ∧ dχ. (70)
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2.2.1 1D reduction: R× S3
Like before, our next step would be to consistently reduce the parent 2D sigma model
over warped R × S3 and study the resulting phase space dynamics in the (semi)classical
limit. In order to do so, we choose to work with the following ansatz,
t = κτ ; r = r0 = const. ; ϕ = const. ; ψ = ψ(τ) ; θ = θ(τ) ; χ = χ(τ). (71)
The resulting Lagrangian density turns out to be,
L1D = βκ
2 − 1
4
(θ˙2 + χ˙2 + ψ˙2)− 2κ˜`χ˙− 2κ˜`cos θψ˙ − cos θχ˙ψ˙ (72)
where we define,
β = r20 − T 2u − T 2v ; ˜`(λ) = (r0 − 2T 2v )`(λ). (73)
The corresponding equations of motion could be formally expressed as,
θ¨ + 4κ˜`sin θψ˙ + 2 sin θψ˙χ˙ = 0 (74)
χ¨+ 2 cos θψ¨ − 2 sin θθ˙ψ˙ = 0 (75)
ψ¨ + 2 cos θχ¨− 4κ˜`sin θθ˙ − 2 sin θθ˙χ˙ = 0. (76)
The Virasoro constraints on the other hand turn out to be,
Tττ = Tσσ = −βκ2 + 1
4
(χ˙2 + θ˙2 + ψ˙2) + 2κ˜`χ˙+ 2κ˜`cos θψ˙ + cos θψ˙χ˙ (77)
Tτσ = Tστ = 0. (78)
A straightforward computation reveals,
∂τTττ = κ˜`χ¨ (79)
which amounts of setting, χ¨ = 0 in order for (77) to be a valid constraint condition.
• Case I: We note down conserved charges associated with the reduced sigma model,
E =
2
α′
(κβ + κ˜`2 − ˜`cos θψ˙) (80)
Jχ = − 1
α′
(
3
2
κ˜`+ cos θψ˙) (81)
Jψ = − 1
2α′
(ψ˙ + 2κ˜`cos θ) (82)
where, we set χ˙ = −κ˜`= constant without any loss of generality.
The conservation of (80)-(82) yields the following set of constraint equations,
cos θψ¨ − sin θθ˙ψ˙ = 0 (83)
ψ¨ − 2κ˜`sin θθ˙ = 0. (84)
It is in fact interesting to note that the L.H.S. of (75) and (76) identically vanish once
(83) and (84) are implemented. Therefore the final set of equations boil down to,
θ¨ + 2κ˜`sin θψ˙ = 0 (85)
ψ¨ − 2κ˜`sin θθ˙ = 0. (86)
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Like before, we set θ¨ = θ˙ = θ = 0 which trivially solves (85) and sets the invariant
plane in the phase space as, {θ˙ = 0, Jθ ∼ θ˙ = 0}. Substituting this into (86) we find,
ψ˙ = −κ˜`= χ˙ = const. (87)
Using (87) and considering fluctuations δθ ∼ η(τ) we arrive at the NVE of the following
form,
η¨ − 2κ2 ˜`2η ≈ 0 (88)
which admits Liouvillian solution of the form,
η(τ) ∼ e−
√
2κ˜`τ . (89)
Looking back at (10) we find, V (τ) = −C˜ = 2κ2 ˜`2 which thereby yields,
w(±)(τ) ∼ 1
4
(
−τ 2 ± 2c1τ − c21 + 8κ2 ˜`2
)
(90)
both of which are rational polynomials of degree 2.
A second possibility is to set, ψ˙ = κ˜`= −χ˙ which yields a different NVE
η¨ + 2κ2 ˜`2η ≈ 0 (91)
that results in a Liouvillian solution of the form,
η(τ) ∼ a cosmτ + b sinmτ ; m =
√
2κ˜`. (92)
Looking back at (10), we further notice that,
w(±)(τ) ∼ 1
4
(
−τ 2 ± 2c1τ − c21 − 8κ2 ˜`2
)
(93)
both of which are again polynomials of degree 2. All these results point towards the
underlying integrable structure of the parent sigma model over warped R × S3 at finite
temperature.
• Case II: The second possibility that one might wish to explore is to set, χ˙ = κ˜`
which yields the following set of conserved charges,
E =
2
α′
(κβ − κ˜`2 − ˜`cos θψ˙) (94)
Jχ = − 1
α′
(
5
2
κ˜`+ cos θψ˙) (95)
Jψ = − 1
2α′
(ψ˙ + 6κ˜`cos θ). (96)
The conservation of (94)-(96) yields,
cos θψ¨ − sin θθ˙ψ˙ = 0 (97)
ψ¨ − 6κ˜`sin θθ˙ = 0 (98)
Like before, the L.H.S of (75) and (76) identically vanish once (97) and (98) are
implemented. Therefore, the dynamics finally boils down to the following set of equations,
θ¨ + 6κ˜`sin θψ˙ = 0 (99)
ψ¨ − 6κ˜`sin θθ˙ = 0 (100)
which except for some numerical factors, look exactly identical to those obtained in the
earlier example in (85)-(86). Therefore without getting into further details, one can
conclude that the parent string theory is classically integrable.
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2.2.2 1D reduction: BTZ × S1
Finally, we choose to work with the string embedding,
t = κτ ; r = r(τ) ; ϕ = ϕ(τ) ; ψ = const. ; θ = const. ; χ = χ(τ) (101)
corresponding to warped BTZ × S1.
The corresponding Lagrangian density turns out to be,
L1D = ζ(r)κ
2 − f(r)
4
r˙2 − χ˙
2
4
− υ(r)ϕ˙2 − µ˜κϕ˙− 2`%+(r)ϕ˙χ˙− 2κ`%−(r)χ˙ (102)
where we identify each of the above entities as,
µ˜ = 4(T 2u − T 2v ) ; %±(r) = r ± 2T 2v (103)
ζ(r) = r − T 2u − T 2v ; υ(r) = r + T 2u + T 2v . (104)
Below we note down equations of motion that readily follows from (102)
2f(r)r¨ + f ′(r)r˙2 − 4(ϕ˙2 + 2`ϕ˙χ˙+ 2κ`χ˙− κ2) = 0 (105)
υ(r)ϕ¨+ r˙ϕ˙+ `(r˙χ˙+ %+(r)χ¨) = 0 (106)
χ¨+ 4κ`r˙ + 4`(r˙ϕ˙+ %+(r)ϕ¨) = 0. (107)
The Virasoro constraints, on the other hand, are given by
Tττ = Tσσ = −ζ(r)κ2 + f(r)
4
r˙2 +
χ˙2
4
+ υ(r)ϕ˙2
+µ˜κϕ˙+ 2`%+(r)ϕ˙χ˙+ 2κ`%−(r)χ˙ (108)
and,
Tτσ = Tστ = 0. (109)
A straightforward computation reveals,
∂τTττ = −2κ2r˙ + 2κ`r˙χ˙+ 2κ`%−(r)χ¨+ µ˜κϕ¨ = 0 (110)
which we take as an additional dynamical constraint of our system.
The conserved charges for the system on the other hand turns out to be,
E =
1
α′
(2κζ(r)− µ˜ϕ˙− 2`%−(r)χ˙) (111)
Pϕ = − 1
α′
(2υ(r)ϕ˙+ µ˜κ+ 2`%+(r)χ˙) (112)
Jχ = − 1
2α′
(χ˙+ 4κ`%−(r) + 4`%+(r)ϕ˙). (113)
Like before, the conservation of (111)-(113) is ensured once (105)-(107) together with
(110) are implemented.
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Therefore, finally we are left with the following set of equations,
2f(r)r¨ + f ′(r)r˙2 − 4(ϕ˙2 + 2`ϕ˙χ˙+ 2κ`χ˙− κ2) = 0 (114)
(υ(r)− µ˜
2
)ϕ¨+ r˙ϕ˙+ 4T 2v `χ¨+ κr˙ = 0 (115)
χ¨+ 4κ`r˙ + 4`(r˙ϕ˙+ %+(r)ϕ¨) = 0. (116)
In order to define the invariant plane in the phase space, we first project ourselves to
the subspace of the full dynamical phase space where both Pϕ = Jχ = constant which
amounts of setting, χ˙ = ϕ˙ = κ` together with, r = r0 without any loss of generality. The
above choice clearly solves (115) and (116) and enforces us to set, ` = 1
2
in order to satisfy
(114). This makes the above choice as the allowed space of solution for the dynamical
phase space under consideration. Finally, considering fluctuations, r ∼ r0 + η(τ) and
retaining upto linear order, we arrive at the NVE
η¨ ≈ 0 (117)
which allows Liouvillian form of solution as found earlier. This also ensures the corre-
sponding polynomial function, w(τ) ∼ 1
τ
to be of degree 1 which is again consistent with
Kovacic’s criteria and therefore ensures the integrability of the underlying phase space.
3 Summary and final remarks
We show analytic integrability for classical strings probing warped BTZ × S3 geome-
tries both for the zero as well as finite temperature examples. Our approach is based on
Kovacic’s algorithm that essentially allows one check whether a particular phase space
configuration is integrable or not. We reduce the parent sigma model over different sub-
spaces of the full target space geometry and obtain the corresponding dynamical equations
those are consistent with various other physical constraints of the sigma model. We then
consider fluctuations over some invariant plane in the phase space which results in the
normal variational equation (NVE). Furthermore, we show that the solution to the NVE
is consistent with rules set by the algorithm. This ensures the analytic integrability of
classical strings those are dual to single trace operators in JT¯ deformed CFT2.
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